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COFIBRANTLY GENERATED LAX ORTHOGONAL
FACTORISATION SYSTEMS
IGNACIO LO´PEZ FRANCO
Abstract. The present note has three aims. First, to complement the theory
of cofibrant generation of algebraic weak factorisation systems (awfss) to cover
some important examples that are not locally presentable categories. Secondly,
to prove that cofibrantly kz-generated awfss (a notion we define) are always
lax orthogonal. Thirdly, to show that the two known methods of building
lax orthogonal awfss, namely cofibrantly kz-generation and the method of
“simple adjunctions”, construct different awfss. We study in some detail the
example of cofibrant kz-generation that yields representable multicategories,
and a counterexample to cofibrant generation provided by continuous lattices.
1. Introduction
Lax orthogonal factorisation systems (lofss) are a type of algebraic weak fac-
torisation systems (awfss) on 2-categories, introduced in [6], for which the diagonal
fillers satisfy a universal property, similar to the property of a left Kan extension.
Several examples of lofss were constructed in [6, 7] using the method of “simple
adjunctions.” The present note addresses an aspect of this theory that has not been
touched upon: the cofibrant generation of lofs. The cofibrant generation of awfss
on locally presentable categories were studied in [4], encompassing a large family
of examples that, however, do not reach some important ones, as those based on
the category of topological spaces. The present note is an attempt to fill this gap
in the literature.
The article can be divided in two parts. The first, taking most of the article, that
deals with cofibrant generation of awfss enriched over a base category V Ď Cat,
and the second that looks at the case when V is the category of preorders.
Awfss were introduced by M. Grandis and W. Tholen in [14], with latter con-
tributions by R. Garner [13], and, as the name indicates, they are an algebraisation
of the more classical notion of a weak factorisation system (wfss). A wfs consists
of two classes of morphisms pL,Rq with the property that each morphism f can be
written as f “ r ¨ ℓ, with ℓ P L and r P R, and each r P R precisely when it has the
right lifting property with respect to each ℓ P L, ie for each commutative square as
displayed, there exists a – non necessarily unique – diagonal filler
¨ //
ℓ

¨
r

¨
@@
// ¨
(1.1)
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and dually, ℓ P L precisely when it has the left lifting property with respect to each
r P R. This kind of lifting situation was common in algebraic topology long before
the importance of wfss was fully realised, for which Quillen’s definition of model
category was central.
One of the features that distinguishes awfss from wfss – on a category C, say –
is that the factorisation of morphisms is functorial – as is also the case in manywfss
constructed by the so-called Quillen’s small object argument [29]. The left and right
classes of morphisms are replaced, respectively, by the coalgebras and algebras for a
certain comonad and monad on C2, and this extra algebraic structure ensures that
diagonal fillers (1.1) not only exist but can be constructed from algebraic data.
Lax orthogonal factorisation systems, introduced in [6], are awfss on 2-categories
for which the canonical diagonal, say d, satisfies a certain universal property with
respect to 2-cells: given any other diagonal filler w and 2-cells α : h ñ w ¨ ℓ and
β : k ñ r ¨w, there exists a unique 2-cell γ : dñ w such that γ ¨ ℓ “ α and r ¨γ “ β.
¨
h //
ℓ

¨
r

¨
d
11
w
CC
✷✷✷✷

D!
// ¨
See Section 4 or [6] for more on the definition of lofs, along with the basic theory
of lofss and a procedure to construct them via the so-called simple adjunctions.
When the codomain of r is a terminal object, the above condition says that the
identity 2-cell h “ d ¨ ℓ exhibits d as a left Kan extension of h along ℓ. Objects A
with this property with respect to a family of morphisms ℓ have been studied in
the context of poset-enriched categories and called Kan objects [11] or Kan injective
objects [2].
The notion of cofibrant generation adapted to awfss was introduced in [13],
and latter extended to generation by a double category in [4], where, in addition,
enriched cofibrant generation is discussed.
There is a notion of cofibrant generation for lofss, that we call cofibrant kz-
generation. We show that cofibrantly kz-generated awfss are always lofs. Cofi-
brant kz-generation can be seen as a case of the constructions in [4, §8] – even
though [4] does not consider lofss and concentrates on locally presentable cate-
gories. Representable multicategories provide an example that we study in some
detail. There are important examples, however, that are not locally presentable
categories, as the category of topological spaces. We study the case of categories
enriched in posets and the cofibrant kz-generation thereon, encompassing in this
way the example of topological spaces.
We have mentioned two ways of constructing new lofss: via simple adjunctions
and via cofibrant kz-generation. It is natural to ask whether these two procedures
construct the same lofss. We give a negative answer to this question, exhibiting
a lofs that can be constructed via simple adjunctions but are not cofibrantly
kz-generated, nor cofibrantly generated; furthermore, its underlying wfs is not
cofibrantly generated, in the usual sense of the term. The lofs in question is
defined on the category of T0 topological spaces, its left morphisms are the subspace
embeddings, and its fibrant objects are the continuous lattices [6, §12] [7, 8].
We conclude this introduction with a description of the article’s contents. Sec-
tion 2 collects some of the constructions and results relative to awfss needed in
the rest of the article. In Section 3 we adapt the notions of cofibrant generation
introduced in [4, 13] to the case of categories enriched in V Ď Cat. Lax orthogo-
nal factorisation systems are recalled in Section 4 and the notion of cofibrant kz-
generation is introduced in Section 5. Before showing that cofibrantly kz-generated
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awfss are lofss in Section 7, we show in Section 6 the existence of cofibrantly kz-
generated awfss in the locally presentable case. Section 8 looks to the example
of representable multicategories as arising from a cofibrantly kz-generated lofs
on multicategories. Section 9 shows that cofibrantly generated and kz-generated
awfss must satisfy certain accessibility, or colimit-creation property, to be used in
a latter section. Section 10 proves an existence result for cofibrantly kz-generated
awfs on preorder-enriched categories and compares it with [2], while Section 11
exhibits an example of a lofs on Top0 that is not cofibrantly kz-generated, nor
cofibrantly generated, and whose underlying wfs is not cofibrantly generated in the
usual meaning of the term. There is an Appendix A with background on lax idem-
potent 2-monads and our own results on reflections of lax idempotent 2-monads
along functors.
2. Background on algebraic weak factorisation systems
As mentioned in the introduction, we are interested in 2-categories and locally
ordered categories. One could choose to develop the exposition in the context of
V-enriched categories, for a fairly general symmetric monoidal closed category V .
On the other hand, one could treat only the case of 2-categories and, when nec-
essary, argue that the relevant constructions and results restrict to locally ordered
2-categories. We will take a middle of the road approach and consider categories
enriched in a full sub-2-category V Ď Cat, closed under limits and exponentials,
and that is cocomplete. Furthermore, it will be important for our applications that
the arrow category 2 should belong to V . Our main examples of V will be the
2-categoriesCat of small categories and Ord of posets. We do not assume that the
inclusion V Ď Cat preserves colimits. This, together with 2 P V , would imply that
the inclusion is an equivalence. Many of the V-enriched notions we discuss below
hold for a much more general V , and are not difficult to elaborate in that context.
Since they do not add much to our main examples, we leave them to be developed
elsewhere.
2.1. Functorial factorisations. A V-functorial factorisation on a V-category C
is a V-functor C2 Ñ C3 that is a section of the composition V-functor C3 Ñ C2.
Equivalently, it is a V-functor K : C2 Ñ C with V-natural transformations dom ñ
K ñ cod whose composition equals the canonical transformation domñ cod with
f -component equal to f . In other words, a V-functorial factorisation is a functorial
factorisation as defined in [14] that is compatible with the 2-cells of C.
`
A
f
ÝÑ B
˘
“
`
A
Lf
ÝÝÑ Kf
Rf
ÝÝÑ B
˘
As in the case of ordinary categories, a functorial factorisation can be equivalently
described by a copointed endo-V-functor Φ: Lñ 1 on C2 with domΦ “ 1, or by a
pointed endo-V-functor Λ: 1ñ R on C2 with codΛ “ 1.
Given a V-functorial factorisation as in the previous paragraph, each coalgebra
structure p1, sq : f Ñ Lf for the copointed endo-V-functor pL,Φq on f P C2 and
each algebra structure pp, 1q : Rf Ñ f for the pointed endo-V-functor pR,Λq on
g P C2 induces a choice of diagonal fillers for morphisms ph, kq : f Ñ g in C2, ie
commutative squares in C. The diagonal filler for this square is the composite
diagph, kq : cod f “ dom k
s
ÝÑ Kf
Kph,kq
ÝÝÝÝÑ Kg
p
ÝÑ codh “ dom g.
If pα, βq : ph, kq ñ ph¯, k¯q : f Ñ g is a 2-cell in C2, then there is a corresponding 2-cell
diagpα, βq : diagph, kq ñ diagph¯, k¯q, given by diagpα, βq “ p¨Kpα, βq¨s. See [13,14],
and [6] for the 2-categorical case.
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2.2. Categories internal to V-categories. A category internal to CAT is a dou-
ble category, and can be described as having objects and two kinds of morphisms,
horizontal and vertical ones. Objects together with, respectively, horizontal and
vertical morphisms form a category. Furthermore, there are squares, each one of
which has a vertical domain and codomain and a horizontal domain and codomain,
and can be composed both vertically and horizontally. There are other details, like
identity squares and various compatibilities between identities and composition,
that can be found in [22].
If, instead of categories internal to CAT, we consider categories internal to
V-CAT, the resulting structure is that of a double category except that now there
are 2-cells between horizontal morphisms; objects, horizontal morphisms and these
2-cells form a V-category. Furthermore, there are 2-cells between squares which,
together with vertical morphisms as objects and squares as morphisms, form a V-
category. Each category internal to V-CAT has an underlying double category
obtained by disregarding all the 2-cells.
Most of the categories internal to V-CAT we consider will be related to the one
described below. The arrow category 2 has a cocategory structure, in the sense that
it is an internal category in Catop. Another way of putting this is to say that for
each category A the set Catp2,Aq “ MorA carries a category structure, namely,
that of A.
As a consequence of the cocategory structure on 2, for any V-category C there
is a category internal to V-Cat, called the internal category of squares in C, and
depicted on the right below.
3 oo
oo
oo 2 // 1oo
oo
C3 //
//
// C2 oo C//
//
The underlying double category of SqpCq has objects those of C and both vertical
and horizontal morphisms the morphisms of C. Squares are commutative squares in
C and 2-cells between horizontal morphisms are just 2-cells in C. A 2-cell between
squares is a pair of 2-cells as depicted, that satisfy g ¨ α “ β ¨ f .
¨
f

h // ¨
g

¨
k
// ¨
ùñ
¨
f

h¯ // ¨
g

¨
k¯
// ¨
is
¨
f

h
##
h¯
;;
✤✤ ✤✤
 α ¨
g

¨
k
##
k¯
;;
✤✤ ✤✤
 β ¨
There is an obvious notion of internal functor between categories internal to
V-CAT, the formulation of which is left to the reader.
2.3. Enriched awfss. A V-enriched awfs on a V-category C is a V-functorial fac-
torisation on C equipped with a comultiplication Σ: L ñ L2 that makes L “
pL,Φ,Σq a V-enriched comonad, and a multiplication Π: R2 ñ R that makes
R “ pR,Λ,Πq a V-enriched monad. Furthermore, that the underlying ordinary
comonad and monad on the underlying category of C2 should form an awfs as
defined in [13]; in other words, the V-natural transformation LRñ RL with com-
ponents pσf , πf q : LRf Ñ RLf must be a mixed distributive law; here we have
used the notation Σf “ p1, σf q : Lf Ñ L
2f and Πf “ pπf , 1q : R
2f Ñ Rf . This
distributivity condition, added in [13] to the original definition of awfs – called
natural wfss in [14] – is precisely what is needed in order to have an associative
composition of R-algebras and of L-coalgebras. An associative composition of R-
algebras chooses, for each pair of R-algebras f , g with cod f “ dom g, an R-algebra
structure on the composition g ¨ f ; these assignments must be natural with respect
to morphisms and 2-cells of R-algebras, and it must be associative in the sense that
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the R-algebra structures of ph ¨gq¨f and h ¨pg ¨fqmust coincide. A similar statement
can be made about L-coalgebras.
The existence of the associative composition mentioned in the previous para-
graph can be rephrased in a more concise way: if pL,Rq is a V-enriched awfs, there
are internal categories in V-CAT
L-Coalg
//
oo
// C R-Alg
//
oo
// C
that we denote by L-Coalg and R-Alg. These two internal categories come equipped
with internal functors into SqpCq given by forgetting the (co)algebra structure.
Furthermore, given a V-monad R on C, there is a bijection between compositions
that make R-Alg Ñ C into an internal category in V-CAT and V-comonads L
such that pL,Rq is a V-enriched awfs. This is completely analogous to the case of
ordinary awfss [4, §2.8].
The internal categories in V-CAT that arise from an awfs can be characterised
as in [4, §3]. If D “ pD1 Ñ D0q is an internal category and U : D Ñ SqpCq an
internal functor in V-CAT, then D is isomorphic to R-Alg over SqpCq, for an – es-
sentially unique – V-enriched awfs pL,Rq on C, if the following two conditions hold:
(a) U1 : D1 Ñ C
2 is monadic (it has a V-enriched left adjoint and the comparison
V-functor into the algebras of the associated V-monad is an isomorphism); (b) the
induced V-monad is isomorphic to a codomain-preserving V-monad. A more ele-
mentary condition can be found in [4, Thm. 6].
2.4. Internal categories of laris and ralis. Later we will need to refer to
certain internal V-categories whose vertical morphisms are given by adjunctions.
A morphism f : AÑ B, in a V-category A, equipped with a right adjoint whose
unit is an identity 2-cell may be called a left adjoint right inverse, abbreviated
lari, following terminology used in [4, 15]. Thus, a lari is a triple pf, r, εq, where
f : A Ñ B and r : B Ñ A are morphisms and ε : f ¨ r ñ 1B is a 2-cell, satisfying
r ¨ f “ 1A, ε ¨ f “ 1, r ¨ ε “ 1. A morphism of laris is a morphism between
the underlying morphisms in C that commutes with the right adjoints and the
corresponding counits; explicitly, a morphism pf, r, εq Ñ pf 1, r1, ε1q is a morphism
ph, kq : f Ñ f 1 in A2 that satisfies r1 ¨ k “ h ¨ r and k ¨ ε “ ε ¨ k. Finally, a 2-cell
between two morphisms ph, kq ñ ph¯, k¯q is simply a 2-cell in A2. We have, for any
V-category A, a V-category LaripAq with objects laris in A and morphisms and
2-cells as described above.
Clearly, laris compose, in the sense that if f : A Ñ B and g : B Ñ C are
morphisms with lari structures pf, r, εq and pg, s, ϕq, then pg ¨ f, r ¨ s, εpr ¨ ϕ ¨ fqq
is a lari. Furthermore, identity morphisms have an obvious lari structure. As
a consequence there is an internal category LaripAq Ñ A in V-CAT, denoted by
LaripAq, and an obvious internal functor LaripAq Ñ SqpAq.
Dually, a morphism f : A Ñ B in a V-category A equipped with a left adjoint
whose unit is an identity may be called a right adjoint left inverse, or rali. A
morphism of ralis is a morphism in A2 between the underlying morphisms that
commutes with the left adjoints and the units. There is a internal category RalipAq
in V-CAT and a forgetful internal functor RalipAq Ñ SqpAq.
Each one of the internal categories LaripAq and RalipAq over SqpAq are induced
by an awfs under weak assumptions on the V-category A. Recall that, as part of
our assumptions, the category V Ď Cat contains the arrow category 2 and is closed
under limits so it makes sense to speak of comma-objects in V ; these comma-objects
are just comma-categories. The lax limit of a morphism f : X Ñ Y in V is another
name for the comma-category f{Y . A lax limit of a morphism f : A Ñ B in a
V-category A is a diagram as the one depicted on the left, that is sent by each
representable ApC,´q to a lax limit in V . A lax colimit of f is a diagram as shown
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on the right that is sent by each Ap´, Cq to a lax limit in V .
A
f

f{B
33❣❣❣❣❣❣❣❣❣❣❣
++❲❲❲❲
❲❲❲❲❲
❲❲
✤✤ ✤✤

B
A
f

++❳❳❳❳
❳❳❳❳❳
❳❳
✤ ✤✤ ✤KS colℓ f
B
33❢❢❢❢❢❢❢❢❢❢❢
If A has lax limits of morphisms, then LaripAq – L-Coalg, where pL,Rq are given
on a morphism f : A Ñ B in the following way: Lpfq : A Ñ f{B is the morphism
that corresponds to the identity 2-cell f ñ f , and Rpfq : f{B Ñ B is the projection;
see [6, §3.3].
If A has lax colimits of morphisms, then there is a V-enriched awfs pE,Mq on
A such that RalipAq – M-Alg, where pE,Mq is given on a morphism f : AÑ B in
the following way: Epfq : AÑ colℓ f is the coprojection and Mpfq : colℓ f Ñ B is
the morphism corresponding to the identity 2-cell f ñ f .
3. Categories of lifting operations
Classically, a wfs pL,Rq on a category C is cofibrantly generated by a set of
morphisms J if R is the family of morphisms that have the right lifting operation
with respect to each member of J . Quillen’s small object argument proves that each
set of morphisms J cofibrantly generates a wfs in categories that satisfy certain
smallness and cocompleteness conditions. In the context of awfss, right lifting
properties are replaced by lifting operations, whose definition we recall below, and
the set of morphisms J can be replaced by a category J and a functor U : J Ñ C2.
A previous version of this manuscript used a slightly different exposition of en-
riched awfss from that of [4]. As our main concern here is to study the cofibrant
kz-generation of awfss instead of providing an overarching exposition of enriched
awfss, we shall follow [4, §8] and save space. The only difference in our, admittedly
short, exposition is the fact that all the awfss will be V-enriched.
A lifting operation against U on f can be described as a family
C2pUj, fq ÝÑ CpcodUj, dom fq,
natural in j P J , each of which is a section to the dashed morphism into the
pullback displayed below.
CpcodUj, dom fq //❴❴❴❴
CpUj,1q
,,
Cp1,fq **
C2pUj, fq //

pb
CpdomUj, dom fq
Cp1,fq

CpcodUj, cod fq
CpUj,1q
// CpdomUj, cod fq
(3.1)
Morphisms of C equipped with a lifting operation against U form a category J & that
has an obvious forgetful functor U& : J & Ñ C2 that forgets the lifting operation.
In order to put these ideas in a setting that allows for an easy generalisation to the
enriched case and takes account of the double category structures, we shall follow [4]
in the utilisation of fibre squares. If A is a V-category with enriched pullbacks, there
is a V-functor C : A2ˆ2 Ñ A2 that sends a square to the comparison morphism
into the associated pullback square.
¨
h //
f

¨
g

¨
k // ¨
ÞÝÑ
¨
Cpf,g,h,kq

¨ //

pb
¨
g

¨
k // ¨
(3.2)
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If A carries an enriched awfs pE,Mq, then the V-category of fibre squares is defined
by the following pullback.
FibreMpAq

// M-Alg

A2ˆ2
C // A2
Its objects are squares as in (3.2) with an M-algebra structure on Cpf, g, h, kq,
called fibre squares. It is not hard to show that if we “paste” two of these squares,
or set them side by side, the resulting outer square is also a fibre square (the proof
depends on the fact that the codomain functor M-Alg Ñ A is a discrete pullback-
fibration). A symmetry argument ensures that two fibre squares, one stacked on
top of the other, yields a new fibre square. By the aforementioned, there are two
internal category structures on FibreMpAq, one given by pasting squares side by
side, and the other by pasting squares vertically.
We now assume that V is equipped with a V-enriched awfs pE,Mq. Any V-
functor category rJ op,Vs has an induced awfs, defined pointwise, that we still call
pE,Mq.
Given a V-functor U : J Ñ C2, there is an induced V-functor Uˆ : C2 Ñ rJ op,Vs2ˆ2
that sends f to the outer square in (3.1) (where j is a variable). This is in fact an
internal functor Uˆ : SqpCq Ñ SqprJ op,Vs2q. The V-category J&M is defined by the
pullback diagram on the left below. The V-functor WU “ UˆC sends f : AÑ B to
the dashed transformation in (3.1). An object of J &M is a morphism f : A Ñ B
with an M-algebra structure on each dashed arrow as in (3.1) that vary V-naturally
with j P J .
J&M
U&M

// FibreMprJ
op,Vsq

// M-Alg

C2
Uˆ // rJ op,Vs2ˆ2
C // rJ op,Vs2
J&M

// FibreMrJ
op,Vs

SqpCq // SqprJ op,Vs2q
(3.3)
Since Uˆ is part of an internal functor SqpCq Ñ SqprJ op,Vs2q, it is immediate that
J &M is the arrow part of an internal category, with object part C, and that it fits
in a pullback square of internal functors displayed on the right above.
Example 3.4. Suppose that V “ Set and that M is the free split epimorphism
monad on Set2, which is explicitly given by sending f : AÑ B to
`
f
1
˘
: A`B Ñ B.
A lifting operation on a morphism g : A Ñ B in a category C against a functor
U : J Ñ C2 is a choice of section φj for each canonical CpcodUj,Aq Ñ C
2pUj, gq
in such a way that the family φj is natural in j.
domUj
Uj

h // A
g

codUj
k
//
φjph,kq
;;
B
For this particular monad M, we will suppress the suffix in the notation J &M and
simply write J &, as to coincide with the notation used in [13].
Assume that J is part of an internal category in V-Cat, say J “ pJ Ñ J0q,
with an internal functor pU,U0q : J Ñ SqpCq. We shall now describe the internal
category J&M over SqpCq. There are two internal functors J &M Ñ pJ ˆJ0 J q
&M ,
which at the level of object of objects are the identity J0 Ñ J0. At the level
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of object of arrows, one of these internal functors corresponds to the V-functor
J &M Ñ FibreMrpJ ˆJ0 J q
op,Vs that sends f to the pasted fibre square below.
Here the fibre square structure is the one given by the pasting of fibre squares. The
second internal functor from J&M to pJ ˆJ0 J q
&M corresponds to the V functor
J &M Ñ FibreMrpJ ˆJ0 J q
op,Vs that sends f to the fibre square of the outer
rectangle.
CpcodUj,Aq
Cp1,fq

CpUj,1q
// CpcodUi,Aq
CpUi,1q
//
Cp1,fq

CpdomUi,Aq
Cp1,fq

CpcodUj,Bq
CpUj,1q
// CpcodUi,Bq
CpUi,1q
// CpdomUi,Bq
(3.5)
The internal category J&M is the equaliser of this pair of internal functors.
J
&M Ñ J &M Ñ pJ ˆJ0 J q
&M (3.6)
Perhaps the easiest way to understand J&M is to have a quick look at J& , that
is, the case when M is the monad whose algebras are split epimorphisms.
Example 3.7. If J is a double category, with underlying graph J Ñ J0, and
U “ pU,U0q : J Ñ SqpCq is a double functor, we may consider J
&, whose objects
are morphisms g of C equipped with a lifting operation φ against U , as explicitly
described in Example 3.4. It is natural to ask for the following extra condition: if
i and j are composable vertical morphisms of J, then φjpφiph, k ¨ Ujq, kq must be
equal to φj‚iph, kq, the diagonal filler given by the lifting operation against the ver-
tical composition of i and j. This condition always holds in orthogonal factorisation
systems, ie when the diagonal fillers are unique, but it is in general untrue.
¨
Ui

h // ¨
g

¨
Uj

φiph,k¨Ujq
22
¨
k
//
φjpφiph,k¨Ujq,kq
44
¨
¨
Ui

h // ¨
g

¨
Uj

¨
k
//
φj‚iph,kq
66
¨
The category J& is the full subcategory of J& whose objects satisfy the compati-
bility condition described above.
Example 3.8. Suppose given a functorial factorisation on a category C, with asso-
ciated domain-preserving copointed endofunctor pL,Φq and associated codomain-
preserving pointed endofunctor pR,Λq. Then, each pR,Λq-algebra pp, 1q : Rg Ñ g
induces an object pg, φq of pL,Φq-Coalg& in the following way. If p1, sq : f Ñ Lf is
an pL,Φq-coalgebra, then
¨
h //
f

¨
g

¨
k
//
φpg,sqph,kq
;;
¨
“
¨
f

¨
Lf

h // ¨
Lg

¨
g

¨
Kph,kq
//
Rf

¨
Rg

p
66❧❧❧❧❧❧❧❧❧❧❧❧❧
¨
s
66❧❧❧❧❧❧❧❧❧❧❧❧❧ ¨
k
// ¨ ¨
This assignment can easily seen to be part of a functor over C2
pR,Λq-Alg ÝÑ pL,Φq-Coalg&. (3.9)
In the case when pR,Λq and pL,Φq underlie an awfs pL,Rq, the inclusions
R-Alg ãÑ pR,Λq-Alg and L-Coalg ãÑ pL,Φq-Coalg induce, together with (3.9), a
functor over C2 R-Alg ãÑ pR,Λq-Alg ÝÑ pL,Φq-Coalg& ÝÑ L-Coalg& that is sim-
ply a restriction of the lifting operation described above.
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One can say a few words regarding the behaviour of U&M and (co)limits.
Lemma 3.10. Suppose given a pullback diagram of V-functors as displayed.
P
P 
// B
G
E
F // F
Suppose that D : D Ñ P is a V-functor and that PD has a (co)limit weighted by the
weight ϕ. Then P creates this (co)limit if F preserves it and G creates (co)limits
of functors with domain D weighted by ϕ.
Since U&M is the pullback of the monadic M-Alg Ñ rJ op,Vs2 along WU : C
2 Ñ
rJ op,Vs2, we readily obtain:
Lemma 3.11. Let U : J Ñ C2 be a V-functor with J small. Then: (1) WU
preserves any limit that may exist in C2 and it has a left adjoint if C is cocom-
plete. (2) U&M creates limits. (3) U&M creates U&M-split coequalisers.
Since, up to isomorphism, the object part of the internal functor U&M : J&M Ñ
SqpCq is the identity, we will use the same notation for the arrow part U&M : J&M Ñ
C2.
Lemma 3.12. The V-functor U&M enjoys the following properties.
(1) It creates limits and U&M-split coequalisers.
(2) It is monadic if it has a left adjoint. If the base V-category C has cotensor
products with 2, then it suffices that the underlying ordinary functor of U&M
should have a left adjoint.
Proof. The enriched version of Beck’s monadicity theorem together Lemma 3.12
mean that monadicity is guaranteed by the existence of a V-enriched left adjoint.
If C has a cotensor products with 2, then U&M creates them, and therefore J&M
has and U&M preserves cotensor products with 2. In these circumstances, a left
adjoint for the underlying ordinary functor induces an enriched left adjoint; see [3,
Prop. 3.1]. 
One of the observations of [4] is that, for any awfs pL,Rq, the functor R-AlgÑ
L-Coalg& introduced in [13] that expresses the fact that each R algebra has a canon-
ical lifting operation against L-coalgebras, co-restricts to an isomorphism
R-Alg – L-Coalg& . (3.13)
The existence of this isomorphism can easily be extended from ordinary categories
to 2-categories, or in our case, to categories enriched in our base of enrichment
V Ď Cat satisfying our blanket hypotheses.
4. Lax orthogonal factorisation systems
This section is a short exposition of the basic definitions of lax orthogonal awfss
of [6], beginning with lax idempotent 2-monads – which are closely related to Kock–
Zo¨berlein doctrines [24, 33].
Lax orthogonal awfss were introduced in [6], in the context of 2-categories. The
modification to our framework of categories enriched in a category V Ď Cat that
satisfies our blanket conditions is trivial.
Definition 4.1. A lax orthogonal factorisation system (lofs) on C is a V-enriched
awfs pL,Rq whose 2-comonad L and 2-monad R are lax idempotent. Equivalently,
as shown in [6, §4], either L or R should be lax idempotent.
Example 4.2. The two awfss of §2.4 are lofss.
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Assumption 4.3. For the rest of the section we equip V with the lofs pE,Mq de-
scribed in §2.4 – so M is the free rali V-monad.
Lax orthogonality is closely related to the notion of kz-lifting operation [6, §5]. If
f and g are morphisms in C, a kz-lifting operation from f to g is a rali structure on
the dashed morphism induced by the universal property of pullbacks. If a kz-lifting
operation from f to g exists we say that f and g are kz-orthogonal.
Cpcod f, dom gq
Cpf,1q
,,
Cp1,gq **
//❴❴❴❴ C2pf, gq //

pb
Cpdom f, dom gq
Cp1,gq

Cpcod f, cod gq
Cpf,1q
// Cpdom f, cod gq
Slightly more generally, a kz-lifting operation from a V-functor U : A Ñ C2 to
another V : B Ñ C2 is a rali structure on the comparison V-natural transformation
CpcodU, domV q ñ C2pU, V q defined in a similar fashion to the previous paragraph.
In terms of diagonal fillers, a kz-lifting operation from U to V can be described as
an assignment of a diagonal filler dph, kq for each morphism ph, kq : UaÑ V b in C2,
that is, for each commutative square of the form depicted.
¨
Ua

h // ¨
V b

¨
dph,kq
@@
k
// ¨
These diagonals must be V-natural in a P A and b P B. Furthermore, if e is a
morphism parallel to dph, kq, there must be a bijection between the following two
sets of 2-cells:
‚ 2-cells γ : dph, kq ñ e; and
‚ pairs of 2-cells α : hñ e ¨ Ua and β : k ñ V b ¨ e such that V b ¨ α “ β ¨ Ua.
The bijection must be given by γ ÞÑ pγ ¨ Ua, V b ¨ γq. More details can be found
in [6]. Clearly, kz-lifting operations are unique up to isomorphism.
Theorem 4.4 ([6, Thm. 6.6]). A V-enriched awfs pL,Rq on C is a lofs if and
only if there exists a kz-lifting operation from the forgetful U : L-CoalgÑ C2 to the
forgetful V : R-AlgÑ C2.
Notation 4.5. When V is equipped with the awfs pE,Mq whose M-algebras are
the ralis in V– see §2.4 – then J&M and J &M will be denoted by J& kz and J&kz ,
respectively. The latter fits in the following pullback square. and is the universal
V-category over C2 equipped with a kz-lifting operation from U to U&kz – see [6, §6].
J &kz
U&kz

// RalirJ op,Vs

C2
WU // rJ op,Vs2
Theorem 4.6. A V-enriched awfs pL,Rq on a V-category C is lax orthogonal if
and only if R-Alg – L-Coalg& kz over C2.
Proof. We use above notations. First observe that, for any V-category A over C2
the square displayed on the left is a pullback because ralis are split epis. Moreover,
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the all four V-functors are full and faithful and injective on objects.
A& kz //

A&kz

A& // A&
R-Alg
ff //
–

L-Coalg&kz
ff

L-Coalg&
ff // L-Coalg&
(4.7)
Theorem 6.6 of [6] proves that our awfs is lax orthogonal if and only if there exists
a V-functor R-Alg Ñ L-Coalg&kz , commuting with the forgetful functors into C2;
this V-functor is, moreover, full and faithful. Then, if the awfs is lax orthogonal,
there is a commutative square displayed on the right above, where the isomorphism
R-Alg – L-Coalg& over C2 is that mentioned in (3.13). The fact that this diagram
is a pullback square will follow from the following general argument.
A commutative square of full and faithful V-functors is a pullback square if and
only if it is a pullback at the level of objects. Any diagram of injective functions
between sets
¨
–

// //
¨

¨ // // ¨
is a pullback square if the marked function is a bijection. These two facts show
that the diagram on the right of (4.7) is a pullback.
For the converse, an isomorphism R-Alg – L-Coalg& kz together with the inclusion
L-Coalg& kz Ñ L-Coalg&kz gives a V-functor R-AlgÑ L-Coalg&kz , so the awfs is lax
orthogonal by [6, Thm. 6.6], concluding the proof. 
5. Cofibrant KZ-generation
A wfs pL,Rq on a category C is said to be cofibrantly generated by a family of
morphisms J Ă Mor C if R consists of those morphisms with the right lifting prop-
erty against all members of J . Certain cocompleteness and smallness conditions on
C guarantee that any small set of morphisms J cofibrantly generates a – unique –
wfs. This result is usually called Quillen’s small object argument. A notion of cofi-
brant generation for awfss and the corresponding small object argument appeared
in [13] and was later built upon in [4]. The latter article also discussed cofibrant
generation of awfss on enriched categories, of which we can now say a few words.
Our base of enrichment V Ď Cat will be equipped with an awfs pE,Mq.
Definition 5.1. Let C be a V-category, J an internal category in V-Cat and U : JÑ
SqpCq an internal functor. A V-enriched awfs pL,Rq on C is cofibrantly pE,Mq-
generated by J when there is an isomorphism of internal categories R-Alg – J&M
over SqpCq. This is a straightforward modification of [4, §6.2].
The V-enriched awfs cofibrantly generated by an internal category J in V-Cat
exists if and only if J&M Ñ C2 is monadic. This can be shown by modifying [4,
Thm. 6] to the case of V-categories.
Definition 5.2. We say that pL,Rq is cofibrantly generated by a V-category J over
C2 if there is an isomorphism of internal categories R-Alg – J&M over SqpCq.
Example 5.3. When M is the V-monad on V2 given by Mpfq “ 1codpfq, then any
awfs that is cofibrantly pE,Mq-generated is orthogonal.
Definition 5.4. The notion of cofibrant kz-generation of a V-enriched awfs is a
special case of Definition 5.1 when V is equipped with the awfs pE,Mq, described
in §2.4, for which M-algebras are ralis.
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Example 5.5. The awfs pE,Mq on V whose M-algebras are ralis is cofibrantly kz-
generated by the discrete V-category
`
0Ñ 1
˘
Ă V2. So, RalipCatq –
`
0Ñ 1
˘&kz
.
Observe that RalipCatq is not of the form J& for a small category J [4, Prop. 17]
but can be obtained as J& for a small double category J [4, Prop. 19].
Example 5.6 (Opfibrations). There is an isomorphism over Cat
p1
0
ÝÑ 2q&kz – Opfibs (5.7)
with the 2-category of cloven opfibrations and morphisms in C2 that strictly preserve
the cleavages. Indeed, an object of the left hand side of (5.7) is a functor g : AÑ B
for which
A2 “ Catp2, Aq ÝÑ Cat2p0, gq “ g Ó 1B pa
α
ÝÑ a1q ÞÑ pa, gpαqq
has a rali structure. This structure is well-known to be equivalent to an opfibration
structure on g. The opcartesian lifting of a morphism β : gpaq Ñ b in B is the
diagonal filler φpa, βq of the displayed square. The 2-monad of the induced awfs
on Cat is the free cloven opfibration 2-monad.
1
a //
0

A
g

2
β
//
φpa,βq
??
B
Example 5.8 (Normal opfibrations). The 2-category of normal cloven opfibrations,
by which we mean that the opcartesian lifting of an identity morphism is an identity
morphism, can be cofibrantly kz-generated by the subcategory ofCat2 with objects
0 : 1Ñ 2 and 1: 1Ñ 1, and a single non-identity morphism.
1
0

// 1

2 // 1
Example 5.9 (Split opfibrations). The 2-category of split opfibrations can be ob-
tained by adding to the previous example the kz-generating cofibration
2 “ p0Ñ 1q
δ2ÝÝÝÝÑ p0Ñ 1Ñ 2q “ 3
that is the inclusion that misses out the object 2 P 3. We require compatibility
with the following squares, so the 2-category of split opfibrations is J& kz , where J
is the internal subcategory of SqpCatq generated by the square of Example 5.8 and
the displayed squares – where δi is the order-preserving inclusion that misses i.
1
1“δ0 //
0“δ1

2
δ2

2
δ0 // 3
1
δ1

1
δ1

2
δ2

2
δ1 // 3
(5.10)
If g : AÑ B is a functor, as seen in previous examples, a lifting operation against
δ1 : 1 Ñ 2 is a choice of an opcartesian lifting β¯ for each β : gpaq Ñ b in B. A
lifting operation against δ2 : 2 Ñ 3 is a choice, for each morphism α in A and
each morphism β1 in B with domβ1 “ cod gpαq, of an opcartesian lifting for β1.
The compatibility with the square on the left above is the requirement that this
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opcartesian lifting should be equal to β¯.
A
g

¨
α // ¨
β¯1
// ¨
B ¨
β
// ¨
β1
// ¨
¨
β¯
//
Ęβ1¨β
44¨
β¯1
// ¨
¨
β
// ¨
β1
// ¨
The compatibility with the square on the right of (5.10) is the requirement that
β¯1 ¨ β¯ “ Ęβ1 ¨ β. Together with the square of Example 5.8 we obtain all the conditions
of a split opfibration.
6. Existence in the locally presentable case
The existence of the cofibrantly kz-generated awfs over a small internal category
J over SqpCq in V-Cat can be easily deduced in the case that the underlying category
of C is locally presentable using techniques from [4]. In §10 we shall study cofibrant
kz-generation in another context that encompasses examples which, as the category
of T0 topological spaces, are not locally presentable.
Proposition 6.1. Suppose that our base of enrichment V Ď Cat is locally pre-
sentable as an ordinary category and it is equipped with a V-enriched awfs pE,Mq
whose underlying ordinary awfs is accessible. Then, the cofibrantly pE,Mq-generated
awfs on a small internal category J over SqpCq in V-Cat exists if C has tensor
products with 2 and the underlying category of C is locally presentable
Proof. We use [4, §8.2] to get the result at the level of underlying ordinary cate-
gories, and then argue why this implies the V-enriched version. By the mere defini-
tions in §3, the underlying category of the V-category J&M is the category pJ˝q
&M
– that appears implicitly in [4, §8.2]. Therefore pU&Mq˝ : pJ
&M q˝ Ñ C
2
˝ has a left
adjoint. The existence of a V-enriched left adjoint would be guaranteed if we knew
that U&M creates cotensor products. The V-functor U&M : J &M Ñ C2 automatically
creates cotensors with 2. This because it is the pullback of a monadic V-functor
along a V-functor Uˆ that preserves any limit that exists in C2 – see §3. Recall
that U&M is the composition of the equaliser J&M Ñ J&M with U&M : J &M Ñ C2.
Therefore, it will suffice to prove that J&M is closed under cotensors with 2 in J &M .
The pair of V-functors J &M Ñ pJ ˆJ0 J q
&M whose coequaliser is J&M commute
with the respective V-functors into C2, which create cotensors with 2. It follows
that J&M is closed under these, concluding the proof. 
When M is the free rali V-monad, we obtain:
Corollary 6.2. awfss on C cofibrantly kz-generated by small internal categories
in V-Cat exist provided that C has cotensor products with 2 and its underlying
category is locally presentable.
In §7 we shall show that cofibrantly pE,Mq-generated awfss are lofss whenever
pE,Mq is a lofs. This applies to the corollary above. We next give an example in
which V “ Cat and M-algebras are cloven opfibrations – see Example 5.6.
Example 6.3. Let pE,Mq denote the lofs on Cat whose M-algebras are cloven
Grothendieck opfibrations. A pair of morphisms f : AÑ B and g : C Ñ D in a 2-
category C satisfies f&Mg when the comparison functor CpB,Cq Ñ CpA,CqˆCpA,Dq
CpB,Dq is an opfibration. This can be unpacked in the following way. Given a
14 IGNACIO LO´PEZ FRANCO
diagram
A
f

h //
✤ ✤✤ ✤
KS
α
C
g

B
d⑦⑦⑦
>>⑦⑦⑦⑦
k
//
✤✤ ✤✤
 β
D
with β ¨ f “ g ¨ α, there exists a pre-opcartesian lifting, which is a 2-cell γ : d ñ d¯
such that γ ¨f “ α and g ¨γ “ β. Its pre-opcartesian property means that any other
γ1 : d ñ d1 with the same property as γ factors uniquely through γ. Furthermore,
pre-opcartesian morphisms should be closed under composition.
Therefore, any small set of functors tfiu cofibrantly pE,Mq-generates an awfs
(in fact, a lofs, as we shall see in §7) pL,Rq on Cat. The R-algebras are those
functors g : C Ñ D with the extra structure described in the previous paragraph,
for each fi.
Let us look at the example of the family with one element 0 : 1Ñ 2, the functor
that picks out 0 P 2 “ p0 Ñ 1q. This functor plays the role of f above. A functor
h : 1Ñ C is an object c P C, k and d are morphisms in D and C, respectively. The
transformations α and β are a morphism dompdq Ñ c and a commutative square
as depicted on the right below, respectively.
‚
d //
α

‚

‚ // ˝
g
ÝÝÝÝÑ
‚
gpαq

gpdq
// ‚
β1

‚
k // ‚
The universal property of d asserts that the solid cospan on the left can be com-
pleted to a commutative square that is mapped by g to the square on the right.
Furthermore, this dotted completion is universal, translating the pre-opcartesian
property. This means that any other completion of the solid cospan to a commu-
tative square that is mapped by g to the square on the right factors uniquely by
the universal square. The fact that pre-opcartesian morphisms are closed under
composition is, in this case, automatic, as it means that pushout squares are closed
under pasting.
We may specialise to the case of an R-algebra of the form g : C Ñ 1, in other
words, to fibrant objects. In this case all we have is a choice of a pushout for each
cospan in C. In other words, the fibrant replacement monad of pL,Rq is the monad
on Cat whose algebras are categories with chosen pullbacks. A general R-algebra
can be regarded as a functor that has pushouts fibrewise.
7. Lax orthogonality of KZ-cofibrantly generated AWFSs
When an awfs pL,Rq is cofibrantly kz-generated by U : J Ñ C2, each R-algebra
is kz-orthogonal to each Uj. What is by no means obvious is that each R-algebra
is kz-orthogonal to all the L-coalgebras. Ie, the awfs is lax orthogonal, or a lofs.
The proof of this fact is the subject of the present section.
Theorem 7.1. Assume that V is equipped with a lofs pE,Mq and C is a complete
and cocomplete V-category. Any awfs on C that is cofibrantly pE,Mq-generated by
a small V-category is lax orthogonal. In particular, any awfs that is cofibrantly
kz-generated by a small V-category is lax orthogonal.
Proof. Suppose that the V-enriched awfs pL,Rq on C is cofibrantly pE,Mq-generated
by a V-category J over C2. Then we have that the forgetful V-functor R-AlgÑ C2 is
the pullback of M-Alg Ñ rJ op,Vs2 along WU : C
2 Ñ rJ op,Vs2. Corollary A.9 will
ensure that R is lax idempotent once we have shown that the right Kan extensions
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RanWU exist. The latter condition is obvious since WU has a left adjoint – see
Lemma 3.11. 
The particular case of kz-generation is obtained by setting pE,Mq the lofs whose
M-algebras are ralis.
Theorem 7.2. Assume that V is equipped with a awfs pE,Mq. Suppose that C is a
complete V-category with the property that any small V-category over C2 cofibrantly
pE,Mq-generates a lofs. Then, any awfs cofibrantly pE,Mq-generated by a small
internal category in V-Cat is lax orthogonal. In particular, this applies to cofibrant
kz-generation.
Proof. Suppose that J cofibrantly kz-generates the awfs pL,Rq. By considering
the equaliser (3.6), we can exhibit J&M as the equaliser of a pair of V-functors, as
displayed in the left below, where T and S are the monad part of the lax orthogonal
awfss generated by J and J ˆJ0 J , respectively. In fact, in what follows we
only need to regard R, T and S as ordinary monads on the ordinary category
C2˝ . Since any functor between categories of algebras that commutes with the
respective forgetful functors is induced by a unique morphism of monads, there is
a commutative diagram in the category MndpC2˝ q as displayed on the right hand
side.
R-Alg – J&M // T-Alg
//
// S-Alg S˝
τ //
ν
// T˝
ζ
// R˝
By definition, this diagram induces the equaliser diagram at the level of correspond-
ing categories of algebras over C2˝ , depicted on the left, so it exhibits the ordinary
monad R˝ as the algebraic coequaliser of τ and ν, and by [19, Prop. 26.2], as the
coequaliser of this pair of morphisms in the categoryMndpC2˝ q of monads on C
2
˝ .
Lax idempotent 2-monads on a 2-category A are characterised by being co-
orthogonal to certain 2-monad morphisms σf , for each morphism f in A, as shown
in [21] and recalled in §A.3. Thus, we have to prove that R˝ is co-orthogonal to
these morphisms σph,kq, for ph, kq a morphism in C
2. As the full subcategory of
objects co-orthogonal to each member of a family of morphisms is always closed
under colimits, R˝ is co-orthogonal to each σph,kq, completing the proof. 
Under certain conditions, the hypotheses of Theorem 7.2 are always satisfied, as
for example:
Corollary 7.3. Suppose that pE,Mq is an accessible V-enriched lofs on the locally
presentable V, and that the underlying category of the complete and cocomplete V-
category C is locally presentable. Then, any small internal category J in V-Cat
over SqpCq cofibrantly pE,Mq-generates a V-enriched awfs which, moreover, is lax
orthogonal. In particular, this applies to kz-generation.
The proof of the corollary consists of a simple application of Proposition 6.1 and
Theorem 7.2.
Corollary 7.4. The awfss whose right morphisms are, respectively, opfibrations,
normal opfibrations, and split opfibrations are lax orthogonal.
Proof. The three awfss are of the form J&kz for a small category J or J& kz for a
small double category J, as seen in Examples 5.6, 5.8 and 5.9. 
8. Representable multicategories
As an application of the theory developed thus far, in this section we exhibit
opfibrations of multicategories as the right part of a lofs on the 2-category of
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multicategories that is cofibrantly kz-generated by a double category of easy de-
scription. Opfibrations of multicategories were considered (and called covariant
fibrations) in [17] as generalisations of the representable multicategories, in the
sense that the latter are opfibrations over the terminal multicategory.
8.1. Background on multicategories. We assume the reader is acquainted with
the notion of multicategory, or non-Σ coloured operad. The idea goes back to
J. Lambek [25] and modern expositions can be found in [16] and [27, I.2].
We shall represent multicategories by blackboard bold letters, so A will be a
multicategory. The 2-category of multicategories will be MCat. A module φ : AÛ
B consists of sets φpb1, . . . , bn; aq with actions of A and B on each side. See, for
example, [27, I.2.3]. The collage for φ is the multicategory collpφq with objects the
disjoint union of those of A and B, which contains both multicategories as full sub-
multicategories, and with collpφqpb1, . . . , bn, aq “ φpb1, . . . , bn; aq. The remainder
multihoms are empty. The composition of collpφq uses the module structure of φ.
We shall denote by jB : B Ñ collpφq the full inclusion. Collages enjoy a universal
property that we shall need only in the following special case.
The nth cardinal t0 ă 1 ă ¨ ¨ ¨ ă n´ 1u we shall denote simply by n, and regard
it both as a set and as a discrete multicategory. Consider the module φn : 1 Û n
given by φnp0, 1, . . . , n´ 1; 0q “ 1 and all the other possibilities equal to H. Then
Cpnq – collpφnq has objects 0, . . . , n ´ 1 and an extra object that we denote by
˚. Aside from the multihoms that correspond to the identity maps, there is a
single non-empty multihom Cpnqp0, . . . , n ´ 1; ˚q “ 1. There clearly is a bijection
between morphisms of multicategories Cpnq Ñ B and multimorphisms of the form
b0, . . . , bn´1 Ñ b in B.
8.2. Opfibrations of multicategories. Let us now turn to opfibrations of mul-
ticategories, called covariant fibrations of multicategories in [17]. Given a multi-
category morphism P : E Ñ B and a multimap f : P pe1q, . . . , P penq Ñ b in B, an
opcartesian lifting of f is a multimap f¯ : e1, . . . , en Ñ e in E with the property
that: for any g : e1, . . . , en Ñ x and w : b Ñ P pxq such that P pgq “ w ¨ f , there
exists a unique v : e Ñ x satisfying v ¨ f “ g. One says that P is an opfibration
of multicategories if each multimap has an opcartesian lifting. This definition is
completely analogous to that of an opfibration of categories, only with the appro-
priate modifications to allow for multimaps. The usual argument shows that the
definition we use is equivalent to that of [17].
A cloven opfibration of multicategories is an opfibration with extra structure, a
cleavage, that provides a choice of opcartesian lifting for each multimap f as in the
previous paragraph. It is easy to verify that to give a cleavage for P is the same as
giving, for each n, a rali structure to the functor
MCatpCpnq,Eq Ñ En ˆBn MCatpCpnq,Bq (8.1)
(where E is the underlying category of E) whose first coordinate is induced by
pre-composing with n ãÑ Cpnq, while the second coordinate is induced by post-
composing with P .
If P and P 1 are two cloven opfibrations of multicategories, a strict morphism
P Ñ P 1 is a morphism of MCat2
E
P 
H // E1
P 1
B
K // B1
where H preserves the chosen opcartesian liftings. This means that if f is an
opcartesian multimap in E, then Hpfq is the chosen opcartesian lifting of Kpfq.
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In this way we obtain a category OpFib of cloven opfibrations of multicategories,
together with a forgetful functor
OpFib ÝÑMCat2. (8.2)
We makeOpFib into a 2-category, and (8.2) into a 2-functor, by declaring that (8.2)
is locally full and faithful.
Write ARepMCat for the fibre of OpFib (8.2) over 1. Its objects we call alge-
braic representable multicategories. A slight modification of the arguments of [16]
shows that an algebraic representable multicategory structure on A amounts to
an unbiased monoidal category structure on the underlying category of A – see
[27, I.3.1]. There is an isomorphism between ARepMCat and the 2-category
UMonCats of unbiased monoidal categories and strict monoidal functors.
The last piece of background we shall need is the fact thatMCat is locally finitely
presentable, as an ordinary category. This can be shown directly, by hand, as it
were. It will be more convenient to appeal to [27, D.1], specifically Theorem 6.5.4
and Proposition 6.5.6. These deal with generalised multicategories, whose type, or
shape, is defined by a certain monad T on a category E . In our case, these are the
free monoid monad on Set. The said results tell us that the forgetful functor from
MCat to multigraphs is monadic with a finitary associated monad. The category
of multigraphs is locally finitely presentable, being the slice of Set over
Set
∆
ÝÑ Setˆ Set
Tˆ1
ÝÝÝÑ Setˆ Set
ˆ
ÝÑ Set
where T is the free monoid monad. We deduce that MCat is itself locally finitely
presentable.
8.3. Cofibrant kz-generation. Let F be the set of finite cardinals (ie, the set of
natural numbers) and U : F ÑMCat2 the functor given by Upnq “ jn : n ãÑ Cpnq.
An object of F&kz consists of a morphism of multicategories P : EÑ B with a rali
structure on the comparison functor
MCatpCpnq,Eq ÑMCatpn,Eq ˆMCatpn,BqMCatpCpnq,Bq
for each n. This is the same functor as (8.1), so we see that F&kz has cloven
opfibrations as objects. One easily verifies that its morphisms are morphisms of
opfibrations that preserve cleavages.
Proposition 8.3. (1) There is an isomorphism OpFib – F&kz . (2) There is
an isomorphism between the fibre of F&kz over 1 and the 2-category of unbiased
monoidal categories and strict monoidal functors.
An application of Corollary 6.2 and Theorem 7.1 yields:
Proposition 8.4. The category F over MCat2 cofibrantly kz-generates a lofs
pL,Rq on MCat. The R-algebras are the cloven opfibrations of multicategories.
Taking the fibre of R-Alg over the terminal multicategory, we easily obtain the
following consequence.
Corollary 8.5. The 2-functor from UMonCat to MCat is strictly monadic. The
associated monad is lax idempotent.
The corollary can be regarded as a version of the results in [16]. There are a cou-
ple of differences, though. First, the techniques in ibid are suitable for application
to generalised multicategories, as done in [27] and [17]. Secondly, [16] compares
strict monoidal categories with multicategories, while our corollary involves unbi-
ased monoidal categories.
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Remark 8.6. It is not hard to cofibrantly kz-generate two lofss on MCat whose
fibrant objects are normal unbiased monoidal categories, and strict monoidal cat-
egories, respectively. In order to do this, one should add some generating squares
to F , and employ the resulting double category.
9. Cofibrant generation and accessibility
If J is a small double category over SqpCq and C is locally presentable, [4] showed
that J& Ñ C2 creates κ-filtered colimits, for some κ. In this section, we look
at the case when C is not necessarily locally presentable but, following [19], it is
equipped with an ofs. Our main example will be the category of topological spaces.
The section’s results will be used later on to give examples of lofss that are not
cofibrantly (kz-)generated.
Let M be a subcategory of a category A. By an M-diagram in A we will mean
a functor D Ñ A that factors through M and has small domain. This M-diagram
will be said to be κ-filtered, for a regular cardinal κ, if D is a κ-filtered category.
Definition 9.1. Let A be a cocomplete category with a subcategory M. A functor
with domain A is M-accessible if it preserves κ-filtered colimits of M-diagrams,
for some regular cardinal κ.
An object A of A has M-rank less or equal to a regular cardinal κ if the repre-
sentable functor ApA,´q is M-accessible. The M-rank of A is the smallest regular
cardinal κ for which this happens. When there is no risk of confusion, we may
omit M and simply say rank. The notion of rank of an object has been attributed
by [12] to M. Barr. We say that A is locally M-ranked if each of its objects has a
rank. The subcategory M will most often be the right part of an ofs pE ,Mq. Cat-
egories locally bounded with respect to an ofs pE ,Mq – in the sense of [23, §6.1] –
are locally ranked for M, due to the argument given in [12, §3.2]. A number of
examples are given in [12] and [23, §6.1]; later we will be interested in the example
of the category of T0 topological spaces equipped with the ofs E = surjections and
M = subspace inclusions.
Each subcategory M of A induces a subcategory of A2 component-wise, ie the
subcategory consisting of those morphisms in A2 with both domain and codomain
components in M. We will still denote this subcategory by M when no confusion
is likely. It is easy to show that a morphism f : X Ñ Y has rank less or equal to κ
as an object of A2 if X and Y have rank less or equal to κ.
For an object X of a V-category C and a subcategory M Ď C˝, one has two
related notions. First, one can say that CpX,´q : C Ñ V preserves V-enriched
colimits of κ-filtered M-diagrams. This is the same as asserting that the ordinary
functor CpX,´q : C˝ Ñ V preserves these colimits. Secondly, one can say that X
has M-rank less or equal to κ, or what is the same, that C˝pX,´q : C˝ Ñ Set
preserves κ-filtered colimits of M-diagrams. The former implies the latter but not
the other way around, not in general. Before stating a standard lemma looking
at the relationship between these conditions, we recall a piece of terminology: an
object X P V is finitely presentable when VpX,´q : V Ñ Set preserves filtered
colimits, ie when it has rank ℵ0.
Lemma 9.2. Assume, in addition to our blanket hypotheses on V, that the inclusion
V ãÑ Cat is finitary. Let C be a cocomplete V-category with a subcategory M Ď C˝.
Denote by pC˝qκ Ă C˝ the full subcategory of objects of M-rank less or equal to κ.
For X P C, the functor CpX,´q : C˝ Ñ V preserves κ-filtered colimits of M-diagrams
if and only if 2 ˚X P pC˝qκ.
Proof. The first observation is that J : V ãÑ Cat is finitary if and only if 2 is a
finitely presentable object of V . Indeed, the arrow category 2 is a strong generator
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in Cat, so Catp2,´q : Cat Ñ Set preserves and reflects filtered colimits. Then,
J is finitary if and only if its composition with Catp2,´q, which is isomorphic to
Vp2,´q : V Ñ Set, is so.
The functor Cp2 ˚ X,´q : C˝ Ñ Set is isomorphic to the composition of the
representables CpX,´q : C˝ Ñ V and Vp2,´q : V Ñ Set. The latter preserves and
reflects filtered colimits. It follows that Cp2 ˚X,´q and CpX,´q preserve the same
filtered colimits. 
Assumption 9.3. In addition to our blanket hypotheses on V (it is closed under
limits and exponentials in Cat, it is cocomplete and 2 P V) we shall, for the rest
of this section, assume that it is closed under filtered colimits in Cat. As seen
in the previous lemma’s proof, this new condition is equivalent to requiring that
2 should be a finitely presentable object of V . Furthermore, it makes V a finitely
locally presentable category. Our main examples will be V “ Cat and V “ Ord
the category of posets.
Lemma 9.4. Given a morphism j : X Ñ Y in C, the functor C2pj,´q : C2˝ Ñ V
preserves κ-filtered colimits of M-diagrams if and only if 2 ˚ X and 2 ˚ Y lie in
pC˝qκ.
Proof. The functor C2pj,´q can be constructed as the pullback of the diagram
CpX, dom´q // CpX, cod´q CpY, cod´qoo
so it will preserve any filtered colimit that is preserved by CpX,´q and CpY,´q.
The result now follows from Lemma 9.2. 
Definition 9.5. A V-enriched awfs pE,Mq on a cocomplete V-category is M-
accessible if one of the following equivalent conditions holds: the comonad E is M-
accessible; the monad M is M-accessible; the V-functorK “ domM “ codE : C2 Ñ
C is M-accessible. When M is the whole category, one says that the awfs is ac-
cessible.
.
Proposition 9.6. Suppose V is equipped with an accessible awfs pE,Mq and that
it satisfies the hypotheses in Assumption 9.3. Suppose that C is a cocomplete V-
category whose underlying category C˝ is locally ranked with respect to the subcat-
egory M. If J is a small internal category in V-Cat over SqpCq, then J&M Ñ C2
creates κ-filtered colimits of M-diagrams, for some regular cardinal κ.
Proof. We first prove the case of cofibrant generation by a small category J over
C2. By definition – see diagram (3.3) – J &M Ñ C2 is the pullback of the forgetful
V : M-Alg Ñ rJ op,Vs2 along WU . The enriched monad M is cocontinuous, so V
creates all colimits and, by Lemma 3.10, it only remains to verify thatWU preserves
κ-filtered colimits of M-diagrams, for some κ.
Since J is small, there is a regular cardinal κ such that each Uj P C2 has rank less
or equal to κ, ie C2pUj,´q preserves κ-filtered colimits of M-diagrams. This means
that U˜ : C2 Ñ rJ op,Vs, given by f ÞÑ C2pU´, fq, preserves κ-filtered colimits of
M-diagrams. Furthermore, the functor WU sends f to the (dashed) comparison
morphism depicted in (3.1), from where it is clear that WU preserves κ-filtered
colimits of M-diagrams.
Now we prove the case of cofibrant generation by an internal category J “ pJ Ñ
J0q in V-Cat and U “ pU1, U0q : J Ñ SqpCq an internal functor. Denote by V the
functor J ˆJ0 J Ñ C
2 from the object of composable pairs. By definition, J&M is
an equaliser (3.6) in V-Cat{C2 of a pair of V-functors of the form I&M1 Ñ I
&M
2 . Each
of the two respective V-functors into C2 create κ-filtered colimits of M-diagrams,
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for some κ. We choose the largest of these two cardinals, so both V-functors create
κ-filtered colimits of M-diagrams. It follows that the parallel V-functors strictly
preserve the created colimits and that J&M is closed under these in I&M1 , completing
the proof. 
Corollary 9.7. Suppose that V and C are as in Proposition 9.6. Then, any cofi-
brantly pE,Mq-generated awfs on C is M-accessible.
The reader would remember that the notation J&, without mention of the V-
monad M, means that we are taking as M the V-monad whose algebras are split
epimorphisms. The objects of J & were described in Example 3.4.
Lemma 9.8. Let pL,Rq be an awfs on the V-category C, with underlying wfs
pL,Rq, and I Ă L a small set of morphisms. There exists a V-functor over C2
R-Alg ÝÑ I&.
Proof. The class L consists of those morphisms of C that admit at least one coal-
gebra structure for the copointed endo-V-functor pL,Φq. Since I is small, we can
choose a coalgebra structure for each i P I, or equivalently, a V-functor over C2
I ÝÑ pL,Φq-Coalg (9.9)
with domain the discrete V-category associated to the set I. We can now consider
the composition of functors
R-Alg ãÑ pR,Λq-Alg ÝÑ pL,Φq-Coalg& ÝÑ I&
where the first one is an inclusion, the second is the V-functor of (3.9) – in fact,
(3.9) describes an ordinary functor that can easily be reproduced in the V-enriched
context – and the last one is the V-functor induced by (9.9). 
The construction of the above lemma is valid only because I is a set instead
of a category, in which case we would not be able to guarantee the compatibility
between the coalgebra structures chosen for each i P I and the morphisms of I.
Given an awfs pL,Rq on a V-category C, we denote by R1 its fibrant replacement
monad, ie the restriction of R to C{1 – C.
We close the section with a proposition that shall be used in §11 to exhibit a
new example of a lofs that is not cofibrantly generated.
Proposition 9.10. Suppose that V satisfies Assumption 9.3 and that C is a V-
category satisfying: (a) Its underlying category C˝ is cocomplete and is locally ranked
with respect to the subcategory M. (b) It has a terminal object. (c) It is equipped
with a V-enriched awfs pL,Rq whose underlying wfs pL,Rq is cofibrantly generated
by a set of morphisms with M-rank. Then, there is a regular cardinal κ such
that any κ-filtered colimit colimXj of an M-diagram is a fibrant object for pL,Rq,
provided that Xj is a diagram in R1-Alg.
Proof. Suppose that I Ă L cofibrantly generates pL,Rq. Consider a V-functor
R-AlgÑ I& over C2 as provided by Lemma 9.8. Taking the fibre over the terminal
object 1 P C, we obtain the first arrow displayed below.
R1-Alg ÝÑ pI
&q1 ÝÑ Fib (9.11)
The second arrow is the inclusion into the full subcategory of fibrant objects, which
exists since any object with a lifting operation against I is certainly weakly orthog-
onal to I. Proposition 9.6 guarantees that the forgetful I& Ñ C2 creates κ-filtered
colimits of M-diagrams for some regular cardinal κ. If tXju is a κ-filtered diagram
in R1-Alg whose morphisms also lie in M, and if colimXj exists in C, we can send
tXju along (9.11) to a diagram in pI
&q1, and deduce that colimXj is created by
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pI&q1 Ñ C. In particular, colimXj supports a structure of an object of pI
&q1, thus
it is a fibrant object for pL,Rq. 
10. Order-enriched awfss
We now turn our attention to the case of order-enriched awfss and their cofibrant
kz-generation. The case of a locally presentable base category was dealt with in §6,
so we now concentrate in the non-locally presentable case, as to include important
examples as that of the category of topological spaces. The section ends with a
short comparison with [2].
We will denote the category of posets by Ord. By poset we mean a set equipped
with a partial ordering that is antisymmetric, or equivalently, a small category that
has at most one morphism between any two objects and whose isomorphisms are
identity morphisms.
Assumption 10.1. Let us assume that our category V Ď Cat is the cartesian closed
category Ord of posets. We equip it with an accessible lofs pE,Mq.
Lemma 10.2. Let T “ pT, η, µq be a lax idempotent monad on an Ord-category
A. The forgetful Ord-functor T-AlgÑ pT, ηq-Alg is an isomorphism.
This lemma is implicit in, for example, [11, Cor. 4.2.3]. To give a short proof,
recall that the identity 1TA is a left extension of ηA along ηA, since T is lax idem-
potent. If a : TAÑ A satisfies a ¨ ηA “ 1A, it will be a T -algebra structure as soon
as a % ηA. All that is left to show is that 1TA ď ηA ¨ a, which is equivalent to
ηA ď ηA ¨ a ¨ ηA, which holds true.
Lemma 10.3. If J “ pJ Ñ J0q is an internal category in Ord-Cat over SqpCq,
then the inclusion J&M ãÑ J&M is an identity.
Proof. By definition, the inclusion is fully faithful and injective on objects. It
remains to show that is surjective on objects. M-algebra structures are unique –
see §A. Inspecting the definition of fibre square in §3, we have that fibre square
structures on objects of rJ op,Ords2ˆ2 are unique. By definition, the objects of
J&M are the objects of J &M such that a certain pair of fibre square structures on
the square (3.5) coincide. This holds, by uniqueness, so J&M “ J&M . 
An ofs pE ,Mq on a cocomplete category A is cocomplete if wide pushouts of
morphisms in E exist [19]. In other words, for each object A P A, the category
A Ó E has arbitrary coproducts. We are now ready to prove the section’s main
result.
Theorem 10.4. Let C be a cocomplete and finitely cocomplete Ord-enriched cate-
gory whose underlying category satisfies: (a) It has a cocomplete ofs pE ,Mq. (b) It
is locally M-ranked. Then, the cofibrantly pE,Mq-generated awfs on any internal
category in Ord-Cat over SqpCq exists and is lax orthogonal.
Proof. It suffices to consider the case of a small Ord-category U : J Ñ C2, by
Lemma 10.3. By definition, J&M Ñ C2 is the pullback of M-Alg Ñ rJ op,Ords2
along WU : C
2 Ñ rJ op,Ords2, or equivalently, by Lemma 10.2, the pullback of
pM,ΛM q-Alg Ñ rJ op,Ords2. Since WU has a left adjoint G % WU , the Ord-
category J &M is isomorphic to pR,ΛRq-Alg for the pointed Ord-functor pR,ΛRq
on C2 given by the pushout depicted on the right.
J &M //

pM,ΛM q-Alg

C2
WU // rJ op,Ords2
GWU
GΛMWU

counit // 1
ΛR

GMWU // R
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To conclude the proof, it suffices to show that the functor
pR,ΛRq-Alg ÝÑ C2 (10.5)
is monadic. In fact, it suffices to show that its underlying ordinary functor has
a left adjoint, by Lemma 3.12. To do so, we can show that WU is M-accessible,
in the same way as we did in the proof of Proposition 9.6. We then observe that
GWU and GMWU are M-accessible too, G is cocontinuous and M is accessible.
Therefore, R is M-accessible. We may now use [19, 14.3 & 15.6] to deduce that
the ordinary functor (10.5) has a left adjoint. 
Remark 10.6. Theorem 10.4 applies to the case of the lofs pE,Mq for which M
is the free rali monad on V2 of §2.4. In this case it guarantees that cofibrantly
kz-generated lofss exist on anyOrd-category whose underlying ordinary category
is locally ranked with respect to a cocomplete ofs.
Remark 10.7. The version of Theorem 10.4 mentioned in the previous remark is
related to [2]. One of its main results, [2, Thm 6.10], states that, if C is locally ranked
and J is a family of morphisms of C, the full subcategory of C defined by the objects
that are kz-injective to each morphism of J is reflexive. Furthermore, the induced
monad is lax-idempotent. The main component of the proof is the construction of
the Kan-injective reflection chain in [2, §5]. When C has a terminal object, this can
be translated to our notation by saying that the the fibre of the codomain functor
J &kz Ñ C2 Ñ C over 1 P C is monadic over C, with lax-idempotent induced monad.
A point where [2] is more general than the present paper is that the class of
morphism J need not be small, but only those which are not order-epimorphisms
should form a small set.
On the other hand, our approach is more general in a couple of ways. The
only part of this section that is specific to V “ Ord is the existence part of The-
orem 10.4. The lax orthogonality of the resulting awfs is valid in more general
cases, for example V “ Cat (see §7). Another advantage of our approach is that it
accommodates an Ord-category J over C2, instead of just a family of morphisms
of C. Finally, even though our requirements on C and the ofs pE ,Mq differ slightly
from those of [2], this difference seems to be superfluous in the the examples of
interest.
11. Continuous lattices
The papers [8] and [7] constructed an lofs on the category of T0 topological
spaces by means of the “method of the simple monad” introduced in [6]. In this
section we shall show that this lofs, which is closely related to complete lattices, is
not cofibrantly kz-generated, nor cofibrantly generated, nor is its underlying wfs
cofibrantly generated. We begin with a brief summary of continuous lattices.
Let Top0 be the category of T0 topological spaces and continuous maps. Each T0
space X carries a posetal structure defined by x Ď y if and only if each neighbour-
hood of x is also a neighbourhood of y; equivalently, if x P tyu. This is sometimes
called the specialisation order. A continuous function f : X Ñ Y becomes an order-
preserving function f : pX,Ďq Ñ pY,Ďq, so we have a functor Top0 Ñ Ord into
the category of posets. The cartesian closed category Ord can play the role of the
base of enrichment V of the previous sections, and we can make Top0 into a Ord-
category by declaring f ď g if the associated morphisms of posets satisfy f ď g. In
elementary terms, f ď g if and only if fpxq Ď gpxq for all x.
We now recall the definition of continuous lattices [30]. Suppose that pL,ďq is
a complete poset. Given a pair of elements x, y P L we say that x is way below y,
written x ! y, if for all directed subsets D Ď L, if y ď _D then there exists some
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d P D with x ď d. A continuous lattice is a complete poset where every element
is the supremum of the elements way below it: x “
Ž
ty : y ! xu. Equip L with
the Scott topology τL, whose open sets are those subsets U Ď L that satisfy: (1) if
x P U and x ď y, then y P U ; (2) if D Ď L is a directed subset and
Ž
D P U , then
D X U ‰ H. In this way we can regard any continuous lattice as a T0 topological
space, and the specialisation order for this topology coincides with the order of L.
Conversely, if the poset pX,Ďq of a T0 space X is a continuous lattice, the topology
τpX,Ďq coincides with the original topology of X . In this way, continuous lattices
can be identified with a class of T0 topological spaces.
A function f : LÑ L1 between continuous lattices is continuous for the associate
topology if and only if it preserves directed suprema. Thus, the category of contin-
uous lattices and maps of posets that preserve directed suprema is isomorphic to a
full subcategory CL of Top0.
As part of his seminal work [30], D. Scott showed that a topological space is
a continuous lattice if and only if it is injective with respect to all embeddings
of topological spaces. Later, it was shown in [9] that the category of continuous
lattices is isomorphic to the category of algebras of the filter monad F on Top0, the
monad that assigns to each space X its space of filters FX endowed with a suitable
topology.
Before explaining how all this relates to lofs, let us make a point about the
direction of the inequalities between continuous maps. The filter monad on Top0
is colax idempotent, with the ordering between continuous maps induced by the
specialisation order. When we want to apply the theory of lofs and simple monads
to this example, we are presented with two options: we either reverse the ordering
on 2-cells (inequalities) in our statements, or else we reverse the specialisation
ordering to make the filter monad lax idempotent. We choose the latter approach,
used in [5,8], so f ď g for a pair of parallel continuous maps shall mean fpxq Ě gpxq
for all x in their domain.
We are now ready to explain how to construct an lofs, as done in [7, 8]. The
filter monad F is lax idempotent – with the convention on the ordering of continuous
maps of the previous paragraph. Furthermore, F is simple in the terminology of
[6], thus inducing a lofs pL,Rq on Top0 such that: (1) the fibrant replacement
Ord-enriched monad on Top0 is the filter monad F; (2) a continuous function f is
an L-coalgebra if and only if f is a topological embedding. A detailed construction
can be found in [8]. The underlying wfs of this lofs was considered in [5].
Theorem 11.1. The lofs on Top0 described is not cofibrantly pE,Mq-generated,
for any cocontinuous Ord-enriched awfss pE,Mq on Ord. In particular it is not
kz-generated nor cofibrantly generated. Furthermore, its underlying wfs is not
cofibrantly generated.
Proof. We first tackle the part of the statement that deals with the awfs. The proof
is an application of Proposition 9.6. The category C will be that of T0 topological
spaces, Top0, regarded as anOrd-category via the specialisation order, and M will
be the the subcategory of Top0 defined by continuous maps that are injective and
homeomorphisms onto their image. It is well-known that each topological space
has an M-rank.
Suppose that the awfs pL,Rq described at the beginning of the section is cofi-
brantly generated with respect to a cocontinuous awfs pE,Mq on Ord. By Proposi-
tion 9.6, the forgetful functor R-AlgÑ C2 creates κ-filtered colimits of M-diagrams,
for some regular cardinal κ. In particular, if R1 is the associated fibrant replace-
ment monad, ie the restriction of R to Top0{1 – Top0, then the forgetful functor
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CL – R1-Alg Ñ Top0 creates the said colimits. This is a contradiction, as exhib-
ited by the following example, which, furthermore, together with Proposition 9.10
shows that the underlying wfs of pL,Rq cannot be cofibrantly generated. 
Example 11.2. In the next few paragraphs we show that, for each regular cardinal
β, there is a β-filtered colimit of continuous lattices that is not created by the
forgetful functor CLÑ Top0. As usual, α ă ν will mean α P ν for ordinals α, ν.
The way-below relation α ! ν on an ordinal β satisfies: if α P ν P β, then α ! ν.
For, if D Ă β verifies ν ď supD, then α P supD and there must be a δ P D with
α P δ.
It is now easy to verify that successor ordinals are continuous lattices, as they are
complete and any α is the supremum of the ordinals γ P α. If µ P ν, the inclusion
succpµq Ă succpνq is continuous for the Scott topology, since it preserves suprema.
Now suppose that β is a limit ordinal. Then β is a filtered union of succpµq Ď β,
for µ P β. The cocone succpµq ãÑ β exhibits β as a colimit of the succpµq, and we
can make this a colimit in Top0 by equipping β with the colimit topology induced
by the Scott topology of the continuous lattices succpµq: a subset U Ď β is open
if U X succpµq is open in succpµq, for all µ P β. More explicitly, U Ď β is open if:
(1) it is up-closed, and; (2) for any bounded D Ď β, supD P U implies U XD ‰ H.
With this topology, succpµq ãÑ β is an embedding of spaces.
Now assume further that β is a regular cardinal, so pβ,ďq is a β-filtered ordered
set. By the above paragraph, β is a β-filtered colimit of continuous lattices. But β
is not a continuous lattice, as it is not complete: it lacks a top element.
Appendix A. Lax idempotent 2-monads
A 2-monad T “ pT, i,mq is lax idempotent if one of the following equivalent
conditions holds: (1) T i % m with identity unit; (2) m % iT with identity
counit; (3) there exists a modification δ : T i ⇛ iT such that m ¨ δ “ 1 and
δ ¨ i “ 1; (4) the forgetful 2-functor from the 2-category of T-algebras and lax
morphisms is full and faithful on morphisms. Some of these conditions appear
in [24] and [33] in the context of doctrines. See also [28]. A full list of equivalent
conditions with the respective proofs can be found in [21].
A 2-comonad G on K is lax idempotent when the corresponding monad Gop on
the 2-category Kop, obtained by reversing the morphisms, is lax idempotent.
A.1. Algebras and morphisms as monad morphisms. There is a standard
way of regarding algebras and algebra morphisms as monad maps, introduced
in [18], that we proceed to describe.
Assume that C is a locally small complete V-category; strictly speaking, all we
need is finite limits and cotensor products For each pair of objects A and B denote
by xA,By the right Kan extension of the V-functor A : 1Ñ C along B : 1Ñ C.
xA,By “ RanAB “ tCp´, Aq, Bu : C ÝÑ C
In other words, xA,BypXq “ tCpX,Aq, Bu, the cotensor product of B P C by the
category CpX,Aq. There is a morphism
evA,B : xA,BypAq “ tCpA,Aq, Bu ÝÑ B (A.1)
that is the counit of the cotensor product in C, ie the morphism picked out by
1
1AÝÝÑ CpA,Aq
η
ÝÑ CptCpA,Aq, Bu, Bq
where η is the unit of the cotensor product. The morphism (A.1) satisfies the
following universal property: for any V-functor S : C Ñ C, the CAT-functor
rC, CspS, xA,Byq
projAÝÝÝÑ CpSpAq, xA,BypAqq
(A.1)
ÝÝÝÑ CpSpAq, Bq
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is an isomorphism. The assignment pA,Bq ÞÑ xA,By defines a CAT-functor
x´,´y : Cop ˆ C Ñ EndpCq.
As it is the case of any right Kan extension of a functor along itself, xA,Ay “
RanAA has a canonical structure of a V-monad, sometimes called density monad.
More explicitly, the multiplication xA,Ay2 Ñ xA,Ay corresponds to the morphism
in C
xA,Ay2pAq
xA,AypevA,Aq
ÝÝÝÝÝÝÝÝÝÑ xA,Ay
evA,A
ÝÝÝÝÑ A
while the unit 1Ñ xA,Ay corresponds to the identity morphism 1: AÑ A.
The definition of the V-monad xA,Ay is such that the following statement holds.
Suppose that S is a 2-monad on C and α : S ñ xA,Ay is a 2-natural transformation
with corresponding morphism a : SpAq Ñ A in C. Then, α is a – strict – morphism
of 2-monads – ie, it is compatible with the multiplications and units in the usual
way – if and only if a is an S-algebra structure on A.
For each morphism f : AÑ B in C, one may consider the following comma-object
in the CAT-category EndpCq.
xA,Ay xA,fy
**❯❯❯
❯❯❯
xf, fyℓ
✤✤ ✤✤

44✐✐✐✐✐✐
**❯❯❯
❯❯❯
xA,By
xB,By xf,By
44✐✐✐✐✐✐
(A.2)
Thus, for any endo-2-functor S of C there is an isomorphism between the category
of 2-natural transformations S ñ xf, fyℓ and modifications between them, and the
comma-category depicted.
Cp1, fq Ó CpSf, 1q

//
✑✑✑✑
DL
CpSpBq, Bq
CpSf,1q

CpSpAq, Aq
Cp1,fq
// CpSpAq, Bq
In particular, each 2-natural transformation S ñ xf, fyℓ is defined by a unique
triple formed by two morphisms a : SpAq Ñ A and b : SpBq Ñ B and a 2-cell
ϕ : f ¨ añ b ¨ Sf .
The 2-functor xf, fyℓ has a 2-monad structure that makes the projections xA,Ay Ð
xf, fyℓ Ñ xB,By – strict – morphisms of 2-monads. Furthermore, the bijection
mentioned in the previous paragraph restricts to a bijection between morphisms of
2-monads S Ñ xf, fyℓ and triples pa, b, ϕq where a : SpAq Ñ A and b : SpBq Ñ B
are S-algebra structures, and pf, ϕq is a lax morphism of S-algebras from pA, aq to
pB, bq. This method of describing morphisms as monad maps can be found in the
literature as early as in [18, §3].
A.2. Reflections of monads through a functor. The following lemma can be
applied to the situation of a right adjoint functor W : C Ñ B.
Lemma A.3. Suppose that W : C Ñ B is a continuous V-functor where C is a
complete V-category and B admits all right Kan extensions along W (ie, all limits
weighted by Bp1,W q).
(1) If A, B are objects of C, then the canonical V-natural transformation
RanW pW xA,Byq ÝÑ RanW pAqpW pBqq
is an isomorphism.
(2) If f , g are morphisms in C, then the canonical V-natural transformation
RanW pW xf, gyℓq ÝÑ xWf,Wgyℓ
is an isomorphism.
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Proof. The proof is straightforward if one takes care of showing at each stage the
existence of necessary limits in B. The continuous V-functor W preserves the
cotensor products xA,BypXq “ tCpX,Aq, Bu, so W xA,By – RanApW pBqq. Thus,
there is an isomorphism
τ : RanW pW xA,Byq – RanW RanApW pBqq – RanW pAqpW pBqq “ xW pAq,W pBqy
where the first object exists by the hypothesis on B, the second exists by the reason
mentioned above, and the third does by iterated Kan extensions [20, §4.4]
To prove the second part of the statement, suppose given f : AÑ B and g : C Ñ
D. It is easy to see that the isomorphism of the first part of the statement is natural
in A and B, so we have a commutative diagram as follows.
RanW pW xB,Cyq
–

RanW W x1,gy
// RanW pW xB,Dyq
–

RanW pW xA,Dyq
RanW W xf,1y
oo
–

xW pBq,W pCqy
x1,Wgy
// xW pBq,W pDqy xW pAq,W pDqy
xWf,1y
oo
(A.4)
We shall show that xWf,Wgyℓ exists and is isomorphic, in a canonical way, to
RanW pW xf, gyℓq in three stages represented by the following three isomorphisms.
RanW pW xf, gyℓq “ RanW pW pxf, 1y Ó x1, gyqq ÝÑ RanW
`
pW xf, 1yq Ó pW x1, gyq
˘
RanW
`
pW xf, 1yq Ó pW x1, gyq
˘
ÝÑ pRanW W xf, 1yq Ó pRanW W x1, gyq (A.5)
pRanW W xf, 1yq Ó pRanW W x1, gyq
–
ÝÝÝÝÑ xWf, 1y Ó x1,Wgy “ xWf,Wgyℓ (A.6)
By hypothesis, W is continuous, and, in particular, it preserves comma-objects, so
the first of the above isomorphisms, and in particular, its codomain, exists.
Let us now show that the codomain of the second morphism, shown in (A.5),
exists and is isomorphic to the domain. In doing so, we may substituteW xf, 1y and
W x1, gy by two arbitrary V-functors F,G : C Ñ B. By hypothesis, the V-functor
rB,Bs Ñ rC,Bs given by restricting along W has a right adjoint, namely RanW .
The V-functor F Ó G : C Ñ B exists and is constructed pointwise by taking comma-
objects in B. This is preserved by right adjoint RanW , so RanW F Ó RanW G exists
and is canonically isomorphic to RanW pF Ó Gq.
The third transformation (A.6) is the one induced by the diagram (A.4). This
completes the proof of the existence of RanW pW xf, gyℓq – xWf,Wgyℓ. 
We shall denote the category of V-monads on C byMndpCq. This is the category
of monoids in the monoidal category of endo V-functors of C and monoid morphisms,
by which we mean V-natural transformations T ñ S that are compatible with the
units and multiplications – morphism of V-monads on C.
IfW : C Ñ B is a V-functor and T “ pT, i,mq a V-monad on C, then RanW pWT q
has a canonical structure of a V-monad on B, whenever this right Kan extension
exists. The unit is the V-natural transformation that corresponds to Wi : W ñ
WT , while the multiplication corresponds to the V-natural transformation
RanW pWT qRanW pWT qW ÝÑ RanW pWT qWT ÝÑWTT
Wm
ÝÝÝÑ WT.
If RanW always exists, then E ÞÑ RanW pWEq is a (lax) monoidal functor from
EndpCq to EndpBq, so it induces a functor MndpCq ÝÑMndpBq. This is the case,
for example, when W has a left adjoint.
In a moment we will need the more general notion of morphism between monads
on different V-categories. If pC,Tq is a V-monad on C and pB, Sq a V-monad on
B, a morphism pC,Tq Ñ pB, Sq is a V-functor W : C Ñ B equipped with a V-
natural transformation ω : SW ñ WT satisfying compatibility axioms with the
unit and multiplication of the respective monads, that can be found, for example,
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in [31]. There is a bijection between V-natural transformations ω that make pW,ωq
a morphism of monads pC,Tq Ñ pB, Sq and liftings ofW to the category of algebras,
ie V-functors, depicted by a dashed arrow, that make the square commutative.
T-Alg //❴❴❴
V T 
S-Alg
V S
C
W // B
(A.7)
There is a bijection between morphisms of V-monads pC,Tq Ñ pB, Sq over
W : C Ñ B and morphisms S Ñ RanW pWT q inMndpCq. Indeed, a morphism struc-
ture ω : SW ñWT on W corresponds to a monoid morphism α : S Ñ RanW pWT q
via the universal property of RanW .
C
T

W //
❴❴❴❴ks
B
RanW WT

S
zz
❴❴❴❴ks
α
C
W
// B
“
C
T

W //
❴❴❴❴ks
ω
B
S
zz
C
W
// B
Lemma A.8. Consider a commutative square of V-functors (A.7), where T and
S are V-monads on C and B, respectively, and assume that RanW of V-functors
into B always exists. Let pW,wq : pC,Tq Ñ pB, Sq be the morphism of V-monads
associated to the square (A.7) and α : S Ñ RanW pWT q the morphism in MndpBq
associated to pW,ωq. If the square (A.7) is a pullback, then pW,wq exhibits T as a
reflection of S along RanW pW´q : MndpCq ÑMndpBq.
Proof. Let P be a V-monad on C and consider the following sets:
(a) MndpCqpT,Pq;
(b) V-functors P-AlgÑ T-Alg that commute with the respective forgetful func-
tors;
(c) MndpBqpS,RanW pWP qq;
(d) V-functors P-AlgÑ S-Alg over W .
The sets (a) and (b) are bijective, as well as the sets (c) and (d), and the bijections
are natural in P, by the comments previous to this lemma. To say that T is the
reflection of S is equally saying that (a) is naturally bijective to (c), while to say
that (A.7) is a pullback implies that (b) and (d) are naturally bijective. 
The existence of RanW in Lemma A.8 is satisfied, for example, when W has a
left adjoint.
A.3. Reflections of lax idempotent V-monads. There is a characterisation of
lax idempotent 2-monads, due to [21], which we will find useful. Given a morphism
f : A Ñ B in C, we denote by σf : xf, fyℓ Ñ xA,Ay ˆ xB,By the morphism of
V-monads induced by the projections of the comma-object (A.2). A V-monad T is
lax idempotent precisely when it is co-orthogonal to each σf in MndpCq, ie when
MndpCqpT, σf q is a bijection.
Corollary A.9. If the V-monad S in Lemma A.8 is lax idempotent, C is cocomplete,
B admits RanW and W is continuous, then T is lax idempotent.
Proof. By the remarks previous to the present corollary, we must show that T
is co-orthogonal to the morphism σf : xf, fyℓ Ñ xA,Ay ˆ xB,By, for any mor-
phism f : A Ñ B in C. Equivalently, that S is co-orthogonal to RanW pWσf q
by Lemma A.8. This morphism is isomorphic to σWf , via the isomorphisms
RanW pW xA,Ayq – xpW pAq,W pAqy and RanW pW xf, fyℓq – xW pfq,W pfqyℓ of
Lemma A.3, from where it is obvious that S is co-orthogonal to RanW pWσq.
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